This paper deals with modeling of nonlinear plane acoustic waves propagating through an elastic tube filled with thermoviscous gas. A description of the interactions between gas and an elastic tube wall is carried out by the continuity equation of a wall velocity. Simplification on the basis of the local reaction assumption enables to model an acoustic treatment on the tube wall by using a wall impedance. Because there are considerable losses due to wall friction, the influences of the acoustic boundary layer were also considered. Using certain assumptions a special form of the Burgers equation was derived which enables to describe the propagation of nonlinear waves in the elastic tube. This model equation takes into account nonlinear, dissipative, and dispersion effects which compete each other. Characteristic lengths of the supposed effects and numerical results with respect to the source frequency were used for a qualitative analysis of the model equation. Applicability of this model equation was demonstrated by series of measurements. By application of the long-wave approximation the Korteweg-de Vries-Burgers and Kuramoto-Sivashinsky equations were derived from the modified Burgers equation.
I. INTRODUCTION
The problems concerning with the interactions between acoustic oscillations in a fluid-filled tube and the vibrations of its wall have received the attention of many investigators. Since time of Young who first found the pulse wave speed in human arteries, a number of scientists dealt with propagation of acoustic waves through elastic tubes filled with fluids. Their works differ each other by various assumptions, in particular, as far as media, wave modes, wave amplitudes, and tube walls are concerned.
Fay et al. 1 carried out an analytical and experimental investigation of a water-filled acoustic impedance tube. Their work was motivated by the fact that water-filled tube walls cannot be assumed to be rigid for acoustic waves. The paper by Jacobi 2 was also focused on the problems regarding the sound transmission through tubes filled with ideal liquid; however, in addition he considered the higher wave modes. In contrast to the above mentioned authors who considered only inviscid fluids, Morgan and Kiely 3 took into account also viscosity of the liquid and internal damping in the tube wall. Sondhi 4 for investigation of wave propagation in a lossy vocal tract used an approach which was based on a local wall admittance model. Guelke and Bunn 5 presented work which deals with application of the transmission line theory to linear acoustic wave propagation through tube with yielding walls. They limited themselves to vibrations only in the radial direction and considered only the breathing circumferential motion. In a similar spirit, Fredberg et al. 6 modeled mechanic oscillations of the respiratory system at high frequencies. Elvira-Segura 7 dealt with the study of speed and attenuation of an acoustic wave propagating inside a cylindrical elastic tube filled with a viscous liquid. This author extended influence of the liquid viscosity by the boundary layer effects. Because the flaws in the roundness of a tube induce coupling between the structural and acoustic modes which do not exist in the case where the cross-section is perfectly circular, Pico and Gautier 8 presented a model which allows us to take into account the small imperfections in the tube circularity. Gautier et al. 9 besides a well-arranged bibliographical review presented a study on cylindrical membranes submitted to a static tension. The authors of the above-cited papers supposed only the thin-walled tubes. Grosso 10 considered the exact longitudinal and shear wave equations for the multimode axial acoustic propagation in tubes of arbitrary wall thickness filled with inviscid liquid. Nonlinear effects were taken into account, e.g., by Yomosa 11 who described the propagation of weakly nonlinear waves in an infinitely long distensible thin-walled elastic tube filled with an ideal fluid. Erbay and Dost 12 investigated the propagation of weakly nonlinear waves in an infinitely long nonlinear viscoelastic thin tube filled with incompressible, inviscid fluid. By means of the long-wave approximation they derived a number of nonlinear evolution equations representing various regimes. Kamakura and Kumamoto 13 presented a work which concerned with investigation of nonlinear plane acoustic waves through an elastic tube. The authors assumed that an elastic tube wall reacts locally to the inner pressure. On the basis of their assumptions they derived a model equation. Validation of the model equation was justified experimentally. Unfortunately, the comparison of theoretical and experimental results was not presented in a way enabling to evaluate measure of the validation of their model equation rigorously. Though the problems concerning propagation of acoustic waves through tubes were widely studied by many authors, investigation seems to be missing which would simultaneously include most of effects that influence acoustic waves. A model equation, which takes into account more effects at the same time, can offer qualitatively new results. This fact determines the main object of this work.
Hence this work is focused on the description of nonlinear plane acoustic waves propagating through an elastic tube filled with thermoviscous gas. For this purpose, a special form of the Burgers equation was derived on the basis of the local wall reaction hypothesis. This model equation extends the standard Burgers equation by terms which represent dispersion and dissipative effects caused by the wall elasticity and acoustic ͑Stokes͒ boundary layer which plays an important role in the course of wave forming, in particular, for lower frequencies. Theoretical results were verified experimentally. The Korteweg-de Vries-Burgers ͑KdVB͒ and Kuramoto-Sivashinsky equations are derived from the modified Burgers equation by means of the long-wave approximation. These equations are supplemented by the term which takes into account boundary layer effects.
Section II is dedicated to derivation of the model equations. Analysis of numerical solutions of the modified Burgers equation is presented in Sec. III. Then in Sec. IV we compare theoretical and experimental data to justify applicability of the model equations.
II. MODEL EQUATIONS AND DISPERSION RELATIONS

A. Derivation of the modified Burgers equation for a gas-filled elastic tube
If we take into account the acoustic boundary layer effects we can write the following one-dimensional continuity equation ͑see Ref. 14͒:
͑1͒
Here x is space coordinate in the direction of the tube axis, t is time, = Ј + 0 is density of fluid, where Ј is the acoustic density and 0 is density corresponding to the equilibrium fluid state, v is the acoustic velocity, is the kinematic viscosity, Pr= 0 c p / ⑂ is the Prandtl number, ␥ = c p / c V is the ratio of specific heats ͑c p and c V are the specific heats under constant pressure and volume, respectively͒, ⑂ is the coefficient of heat conductivity, and r 0 is an equilibrium tube inner radius. Using the continuity equation ͑1͒ is conditioned by the following relations: 15, 16 ␦ , ␦ r 0 , where ␦ is a boundary layer thickness and is a wavelength.
Further, when it is satisfied
where Ӷ 1 is a small dimensionless parameter ͑the peak Mach number of the source͒, then within the scope of the second order nonlinear theory we can replace the density = Ј + 0 by an ambient fluid density 0 in Eq. ͑1͒. After the replacement and using the relation between the acoustic velocity and the velocity potential v = ‫ץ‬ / ‫ץ‬x Eq. ͑1͒ can be written in the form
͑2͒
With help of the linear one-dimensional wave equation
it is possible to rewrite Eq. ͑2͒
͑3͒
The equality ‫ץ‬ 2 / ‫ץ‬t 2 = ‫ץ‬ 2 / ‫ץ‬ 2 enables us to express Eq. ͑3͒ as
͑4͒
The integral on the right hand side ͑rhs͒ of Eq. ͑4͒ can be rewritten as
The rhs of Eq. ͑5͒ represents the fractional derivative ͑A3͒ ͑see, e.g., Refs. 17, 15, and 16͒. We can express Eq. ͑3͒ as follows:
where
is the boundary layer parameter. If we suppose that acoustic waves propagate through a tube with an elastic wall ͑a variable cross-section͒ and we do not take into account the boundary layer effects then we can express the continuity equation as
where S = S͑x , t͒ is an inner tube cross-section. Further, Eq. ͑8͒ can be modified into the form
where the operator d / dt is given as
If the elastic tube wall is assumed to be locally reacting ͑see, e.g., Refs. 18 and 5͒ then we can consider the inner crosssection S only as a function of time, i.e., S = S͑t͒ = r 2 ͑t͒, where r͑t͒ = r 0 + rЈ͑t͒ is a total inner tube radius and rЈ represents a change in r.
If we use the fact that rЈ Ӷ r 0 , then it is possible to use the following simplification:
where v w is a radial wall velocity.
Because within the scope of the second order nonlinear theory we neglect terms which are of the third order or higher, it is possible to simplify Eq. ͑9͒ by using relation ͑11͒ and adopting the supposition v w ϳ 2 ,
Using the linear relation
we can write the following convolution integral for the radial wall velocity v w :
where k w ͑t͒ is a kernel function representing behavior of the considered tube wall. If we take into account both the acoustic boundary layer ͓Eq. ͑6͔͒ and the tube elasticity ͓Eq. ͑12͔͒ together with relation ͑14͒ we obtain the resulting continuity equation
͑15͒
Using the basic equations of hydromechanics, namely, the Navier-Stokes equation of motion, the heat transfer equation, the state equation ͑see, e.g., Refs. 19-21͒, and the modified continuity equation ͑15͒ we can derive in the second approximation the following one-dimensional modified Kuznetsov's equation 22 for the velocity potential :
͑16͒
where c 0 is the small-signal sound speed, b = +4 / 3 + ⑂͑1 / c V −1/ c p ͒ is the coefficient of sound diffusivity, and are the coefficients of bulk and shear viscosity, and ␤ is the coefficient of nonlinearity.
As the profile of simple waves varies slowly in the space we can search for the solution of Eq. ͑16͒ in the moving reference frame in the form
Then taking into consideration that b ϳ B ϳ we can derive the following modified Burgers equation from Eq. ͑16͒ within frame of the second order nonlinear theory:
It is obvious that it is possible to use the model ͓Eq. ͑18͔͒ also for the nonlinear plane waves which propagate through a hard-walled tube. In this case we can consider the term representing the elastic properties of the tube wall as equal to zero.
15
B. Derivation of dispersion relations
Under the above mentioned restrictions, the tube can be regarded as consisting simply of a series of ring-shaped elements whose radial motion is caused only by elastic circumferential stresses and radial inertia. As the tube wall yields locally to the inner pressure we can write the following expression for the force acting on the ring:
where p is an inner pressure and ⌬l is the width of the ring element. If we suppose that rЈ is sufficiently small compared to r 0 then we can simplify relation ͑19͒,
With using the complex representation we can rewrite Eq. ͑20͒ as
For the ring element we can use the equivalent electromechanic circuit which is sketched in Fig. 1 . We suppose that air surrounds the ring and consequently the radiation load on the outside of the ring can be neglected.
where M is the inertance, C is the compliance, R is mechanical resistance, and Ẑ w is the resulting wall mechanical impedance.
Using relations ͑21͒ and ͑22͒ we can write
With the help of the convolution integral ͑14͒ we can also write that
By comparing Eqs. ͑23͒ and ͑24͒ we obtain
where R m = R / ⌬l is the specific mechanical resistance ͑kg m where m represents the mechanical resonance angular frequency which is given by the following relation:
͑28͒
After linearizing modified Kuznetsov's equation
we can find the following dispersion relation:
where k is the complex wave number. Expression ͑30͒ can be simplified on the basis of the binomial series
͑31͒
Since k w / r 0 is complex, see relation ͑27͒, we can write
.
͑32͒
It is possible to simplify formula ͑32͒ when the following relations are satisfied:
We can write that
͑34͒
Expression ͑34͒ is valid only for lower frequencies; it means that the dispersion and dissipation effects dominate above the nonlinear ones. In the opposite case the higher harmonic components, which arise in the course of the wave propagation, do not satisfy conditions ͑33͒. When we can take into account only small number of harmonics then it is further possible to simplify relation ͑34͒ as follows:
C. The KdVB and Kuramoto-Sivashinsky model equation for an elastic tube
We can rewrite Eq. ͑18͒ into the form
where K͑͒ represents a kernel function which describes assumed dispersion and dissipation properties. Suppose we know the dispersion relation is a complex wave number that is related to the independent variables , x in contrast to the complex wave number ͑31͒ that is connected with the independent variables t and x. Provided that certain conditions, which are discussed later, are fulfilled then we can simplify the dispersion relation ͑37͒ into the asymptotic form
After linearizing Eq. ͑36͒ we can write 25 ‫ץ‬v ‫ץ‬x
where the kernel function K a ͑͒ corresponds to asymptotic dispersion relation ͑39͒. We assume the solution of Eq. ͑40͒ in the form v = v m exp͓j͑ − kЈx͔͒ ͑v m is the acoustic velocity amplitude͒. We can substitute this solution into Eq. ͑40͒ and we obtain
can be rewritten into the form
where F͓ · ͔ represents the Fourier transform. The rhs of Eq. ͑42͒ is the Fourier transform of the given kernel K a ͑͒. On the basis of the inverse Fourier transform we have
Substituting expression ͑34͒ into relation ͑38͒ we obtain
͑44͒
On the basis of relation ͑43͒ we can find the asymptotic kernel function K a ͑͒ by using formula ͑44͒. After substitution of this asymptotic kernel function into Eq. ͑36͒ we get 
represents the Kuramoto-Sivashinsky ͑Ben-ney͒ equation 26, 27 which is modified by the term representing the boundary layer effects. This equation can be simplified into the KdVB equation ͑see, e.g., Ref. 28͒ by setting the last term equal to zero when propagation wave distances are relatively short or the source frequency is sufficiently low and the dispersive and dissipative effects are insofar important that it is possible to take into account a reasonably small number of harmonics.
III. ANALYSIS OF NUMERICAL SOLUTIONS
This section is devoted to qualitative analysis of numerical results of the model equation ͑18͒ for a silicon rubber tube ͑hose͒. This analysis enables to show different scenarios of possible wave evolution for various source frequencies and hence demonstrates how the individual terms in the model equation depend on the source frequency. The real physical parameters are presented in Table I The model equation ͑18͒ takes into account three effects, i.e., the nonlinear, dissipative, and dispersion ones. There is a competition between the nonlinear effect, on the one hand, and the dispersion and dissipative effect on the other hand. In this case we can estimate a wave behavior on the basis of the characteristic lengths ͑see, e.g., Ref. 19͒ . The nonlinear length is given as
the dissipative length can be expressed as
and the dispersion or coherent length for the second harmonic component as
It holds that the shorter characteristic length means the greater influence of the considered effect ͑in our case the diffraction length tends to infinity because we suppose that plane waves propagate in the tube͒. On the basis of the characteristic lengths we can outline several scenarios of possible wave evolutions with respect to a chosen source frequency ͑amplitude of the source is supposed to be constant, 4000 Pa͒. First, we suppose that the source frequency is chosen so that L N / L C Ͼ 1 and L N / L D Ͻ 1. It means that the dispersion effects dominate the nonlinear ones and at the same time the nonlinear effects dominate the dissipative ones. For instance, the source frequency of 1000 Hz satisfies ͑if we suppose the physical parameters in Table I͒ the above mentioned relations. For this case the wave distortion is negligible ͑the first harmonic component dominates͒ which affirms that dispersion effects dominate nonlinear ones and thus nonlinear acoustic interactions are ineffective. Thus, we could ignore the nonlinear effects and use only the linearized form of Eq. ͑18͒. When the supposed relations are satisfied also for lower source frequencies, in our case for a smaller source amplitude, it is possible to use the linearized KuramotoSivashinsky or KdVB equation.
Further, we assume that the relations L N / L C Ͻ 1 and L N / L D Ͻ 1 are satisfied for at least the first ten harmonics. For this purpose we can choose the source frequency, e.g., 80 Hz. The satisfaction of these relations means that a sawtooth wave forms during propagation. The boundary layer dispersion causes the waveform asymmetry which occurs behind the shock formation. This result is demonstrated in Fig.  4 . Furthermore, when the relations are satisfied then it is possible to replace Eq. ͑18͒ by the standard Burgers equation which is supplemented by the term representing the boundary layer effects. 15, 16 As the next case, we assume that the relations L N / L C Ͻ 1 and L N / L D Ͻ 1 are approximately satisfied only for the first two or three harmonics; hence, the generation of higher harmonics is suppressed. Figure 5 illustrates this situation.
When the boundary layer effects are small and again the relations L N / L C Ͻ 1 and L N / L D Ͻ 1 are satisfied, we can observe a gradual degeneration of the original waveform into individual solitons. 24, 28, 29 The solutions for this case are depicted in Figs. 6 and 7. In the figures we can see a train of the solitons which are gradually attenuated as the wave propagates through the considered tube. First, we can observe slight oscillations, see Fig. 6 . This fact is related to the harmonics generation because dispersion effect starts to play a more important role for higher harmonics. Gradually the slight oscillations develop into a series of solitons which break up the previous waveform, see Fig. 7 .
As the last case, we can consider the relations
It is obvious that k w / r 0 , see formula ͑27͒, tends to zero for high source frequencies. It means that we can ignore the radial wall vibrations for high source frequencies. The considered relations for the characteristic lengths are satisfied for higher source frequencies.
IV. EXPERIMENT
To validate applicability of the model equations, in particular, the local reaction hypothesis, we compared the theoretical and experimental data.
A. Experimental setup
Traveling sound waves were driven in silicone-rubber hose ͑with inner diameter of 16 mm, wall thickness of 2 mm͒, length of the hose was 20 m, it was lengthened by 20 m of polyvinyl chloride hose of the same inner diameter in order to suppress standing waves due to reflections. All measurements were made at room temperature of 23°C.
Harmonic driving signal was generated with directdigital-synthesis function generator Motech FG 503 which was amplified by power amplifier Mackie M1400. High amplitude acoustic waves were generated by two speakers B&C 10MD26 ͑each of 350 W input͒ that were screwed one against another with a plastic ring for fastening of the hose. At the place where the hose was fastened to the plastic ring, reference 1 / 8 in. GRAS Type 40DP microphone was attached to measure the input acoustic pressure. In the hose, there were 13 small cuts distributed with 1 m distances for measurement of acoustic pressure with probe-microphone GRAS Type 40SA with stainless-steel 20 mm probe tube of 1.25 mm outer diameter ͑inner diameter of 1 mm͒.
Measured signals were sampled by 16 bit National Instruments PCI-6251 plug-in computer data acquisition card at the rate of 100 kS/ s per channel. Software for data acquisition and its processing was written in LABVIEW system.
On the basis of measurement of the silicone-rubber hose we found its material parameters which are shown in Table I .
In the course of measuring it was necessary to take into account the fact that the driving speakers heated up excessively. For this reason it was not possible to realize measuring with the same driving pressure at all points; hence the driving pressures were registered for individual measurements apart. The value of the driving pressure was around 3600 Pa ͑v m = 8.74 m s −1 ͒. We confined ourselves to the relatively low source frequency in order that the dispersion and nonlinear effects could dominate above the dissipative ones.
B. Comparison of theoretical and experimental results
The measured and theoretical ͑computed numerically͒ data are depicted in Figs. 8-10 . By comparison of measured and theoretical waveforms at different distances from the harmonic source it is clear that the model equation ͑18͒ enables to describe behavior of nonlinear traveling waves in the elastic tube and that the local reaction hypothesis is sufficient when the conditions mentioned in Sec. II are fulfilled. From these figures it is obvious that the shock waveform did not arise. This result is given by the fact that the relations for the first three harmonics; thus the generation of higher harmonics is suppressed. It means that the relation L N / L C Ͼ 1 holds for higher harmonics. Figure 11 shows development of the first four harmonics of acoustic pressure at the distance of 13 m when input acoustic pressure ͑f = 333 Hz͒ increases. It is apparent from the figure that even if dispersion is present, several higher harmonics appear and the amplitude of the first and second harmonics is not proportional to the pressure amplitude at the input. This effect is called acoustic saturation and it has connection with the nonlinear attenuation. It is obvious from Fig. 11 that the fourth harmonics and the third one depend on the pressure amplitude at the input almost linearly. It means that the cascade process of harmonics generation is interrupted or in other words, the characteristic coherent length is shorter than the nonlinear one ͑L N Ͼ L C ͒ for higher harmonics in contrast to the lower ones.
V. CONCLUSION
We derived the modified Burgers equation ͑18͒ which enables to describe nonlinear acoustic plane waves propagating through the elastic tube filled with a thermoviscous gas. The model equation takes into account only the breathing circumferential damped vibrations of the considered tube wall. Since the viscosity of gas is considered, it is necessary to suppose that the thin acoustic boundary layer appears near the tube wall. The acoustic boundary layer affects the acoustic field outside of this layer ͑the mainstream͒ in a considerable way. For this reason the derived model equation also contains the term which represents the boundary layer effects. The applicability of the modified Burgers equation was verified experimentally. The realized measurements demonstrate the fact that the dispersion induced by the elastic tube wall causes nonlinear acoustic interactions which are almost ineffective and further that it is not possible to ignore the influences of the acoustic boundary layer. It means that the shock formation does not arise and so we can observe only a small number of harmonics. Because we consider nonlinear, dispersion, and dissipative wave effects, that compete each other, it is possible to distinguish different regimes. These regimes are classified by means of the relations between characteristic lengths of the supposed wave effects. The supposed regimes lead to different wave evolutions. In the case when the nonlinear effects dominate the dispersion and dissipative one then the original waveform degenerates gradually into individual solitons. However, we can observe the solitons only when the acoustic boundary layer effects are weak. Contrary if it is not possible to suppose that these effects are weak ͑e.g., in the case of a small tube radius͒ then the generation of solitons is suppressed. This fact shows how the boundary layer plays important role.
Using the long-wave approximation, the modified Burgers equation was reduced to the KdVB and KuramotoSivashinsky equations, which were investigated by many authors; however, they have not studied influence of the boundary layer effects. Considering that acoustic boundary layer plays more important role for lower frequencies, we cannot neglect its influence in the case of long-wave approximation.
Considering that the KdVB equation can be used only for a relatively narrow frequency range we derived the Kuramoto-Sivashinsky equation which can be used for a wider frequency range and thus it can take into account more higher harmonics correctly.
We intend to extend further the presented results and methods for the case of nonlinear standing waves in elastic resonators.
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